
ON TOP AND BEYOND NETWORKS 



 Networks are everywhere – says the blurb of a recent 

conference. 

 Yes: interactions are everywhere. And they often are 

pairwise, and the interacting partners may live on a 

complex graph.  

 Today we tend to project networks into everything we 

see around us.  

 It is a great achievement that people (or at least some of 

them) in fields like e.g. economics realize that there are 

interactions between the agents (or that there are more 

agents at all, beyond the lonely representative one) and 

that the topology of these interactions matter a lot, but I 

do not think that the story ends there.  

 



Directions in which the network picture can be 

extended: 

• Functionals over networks and the network 

these functionals can define 

• Background fields acting on nodes and/or 

links  

• Action of nodes’ dynamics on links and their 

co-evolution. 

 

 



Networks on top of networks 

Real world networks have a function, they serve some 

purpose, they are either spontaneously evolved, or 

purposefully designed. The efficiency of this function 

usually depends not only on the local features, but the 

whole structure, topology, geometry, etc.: there is a 

functional defined over the network.  

Furthermore, there may be a success criterion 

(extremal principle) associated with this functional. 

For simplicity, I assume that the functional is a real 

valued scalar and will refer to it as the energy, or free 

energy. Success, optimality, etc. corresponds to the 

minimum of the functional.  



Examples 

Transport network  

 Functional: # of people, volume of goods transported, GDP 

Information/communication networks 

 Functional: GDP again 

Financial networks 

 Functional: stability and/or efficiency of financial

 intermediation 

Interpersonal relationships, relation to institutions, norms 

 Functional: social happiness, low transaction costs  



Illustration: Ising spin glass 

N agents 𝑠𝑖,  i= 1,2,...,N,  facing a binary choice:  

    interacting via            , and possibly 

under a bias or external field:       

                

                 

Simple model of competition and cooperation. 

For simplicity, consider complete graph. 

Random search for optimum (MC): Moves accepted 

with prob. 1 if they decrease or leave E unchanged, 

and accepted with prob. p if E is increased. 



Small sample: red: J=+1, blue: J= -1 

 

 

 

 

 

 

 

Frustration pushes ground state energy upwards (relative 

to the every J positive case), increases degeneracy. 

 

 

 

 

 

 

 



Energy spectrum and network of four lowest 

lying states 



Seemingly different interaction matrix with 

the same energy landscape (gauge invariance) 



Slightly different interaction matrix with very 

different landscape 



Spectrum and landscape 



N=16, lowest 3 energy states that can be 

reached from each other for small p 



• There is a network of accessible states determined by 

the functional defined over the underlying network. 

• Transitions can take place in the phase space 

landscape without change in the underlying network. 

• Slow dynamics, quasi-equilibria, „homeostasis”, 

punctuated equilibrium. 

• Are post-referendum Britain / the US of the 2016 

campaign / Orban’s Hungary fundamentally different 

from their former self? 

  

 



When the undelying network is changing... 

„Annealed averages”: the underlying network is 

changing on the same timescale as the agents – leads 

to boring equilibrium. 

Between annealed and quenched: hardly studied, 

although the technical tools are there (A. Coolen & 

D. Sherrington) 

Social balance theories: the agents are fixed, but 

their interactions change so as to reduce overall 

frustration (the friend of a friend is a friend, and the 

enemy of an enemy is a friend). Ends up in everyone 

in the same camp, or two antagonistic camps. 

  



An illustration from history (S. Strogatz) 



Beyond networks 

In several instances that we try to describe in terms 

of networks, one can discern some background field 

that cannot be represented as a sum of binary 

interactions. 

Trust is a major factor of stability of social order or 

the economy.  

Culture, shared values, ideologies, myths, the 

Zeitgeist, etc. act as external fields on individual 

agents, or their groups, but also on the interactions 

between agents. 



Example: Hungarian revolution October 23, 

1956 

• Neither the authorities, nor the organizers of 

the student demonstration could sense the 

amosphere of the country 

• A march of a couple of hundred students 

evolved into armed uprising and the 

collapse of a totalitarian regime in one 

afternoon 



Example: banking networks 

In the wake of the 2007-08 crisis a large number of works 

have been devoted to banking networks and their systemic 

risk implications. The concept of networks is one of the 

few new ideas that has penetrated regulation (J.-C. 

Trichet) and some of the finance literature.  

Magic of words: networks, contagion, cascades evoke the 

picture of serial default, forest fire, dominos falling over, 

etc. September 15, 2008, was not like this; Bernanke, 

Paulson and Geithner were desperately trying to find a 

buyer for Lehman, but no one wanted it, everyone was 

frightened and hoarded money. The credit market seized 

up in two days. It was a total and sudden collapse of trust. 



The week of the crisis 



Banking networks 

Banks are connected by overlapping asset portfolios, 

mutual exposures, credit-debt relationships, etc.  

But also: by common culture, common ideology, 

common business school education, common pubs, 

golf clubs, etc., employees subject to same toxic 

atmosphere and overburden, rollercoaster of panic 

and exuberance.  

The former can be modelled by networks, the latter 

cannot. 

How should we model such a turbulent ecology? 



State of nodes acting on links 

• What kind of model can I imagine? 

• Update interactions by an amount 

depending on the current state of the system 

(say, proportional to the absolute value of 

the sum of spins) shifting couplings 

upwards (more cooperation, „socialism”), or 

downwards (more competition, „neoliberal 

policies”), let system relax, then repeat. 

 



THANK YOU! 


